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Abstract - Transient heat and mass transfer in soil surrounding a buried heat source are considered. One3 
dimensional (spherical) models are developed to predict the coupled heat and moisture migration 
phenomena. Numerical solutions of the exact formulation are given. In addition, two types of closed-form 
solutions are derived employing approximate models. Experimental measurements are presented for two 
disparate soil types - a well-graded loam (slow hydraulic response) and sand (more rapid hydraulic 
response). Predicted and measured temperature variations at the heat source surface are compared. In all 
cases the numerical solution of the exact formulation agrees with the experimental data reasonably well. The 
closed-form solutions deviate somewhat from the measurements, but are shown to be useful for obtaining 

approximate predictions in a simple manner. 
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NOMENCLATURE Greek symbols 

heat source radius [m] ; 
specific heat [J/kg K] ; 
hydraulic diffusivity [m’/s] ; 
mass diffusivity for air-water vapor [m”/s] ; 
specific liquid phase heat of transport 

CJkl ; 

vapor diffusion function defined by equation 

(6) [kg/s m Kl ; 

acceleration of gravity [m/s21 ; 
specific enthalpy, latent heat [J/kg] ; 
mass flux [kg/m2 s] ; 
thermal conductivity [W/m K] ; 
equivalent conductivity, equation (20) 

[W/m Kl ; 
hydraulic conductivity [m/s] ; 
pressure, partial pressure [N/m21 ; 
porosity [m3/m3] ; 
heat source output [W] ; 
heat flux [W/m21 ; 
gas constant [J kg K] ; 
radius [m] ; 
absolute temperature [K] ; 
ultimate steady state temperature rise at heat 
source surface, aq,“/k [K] ; 
time [s] ; 
specific internal energy [J/kg] ; 
specific volume [m3/kg] ; 
dimensionless length, (I - a)/u ; 
dimensionless temperature, (1 + x)[ ; 
dimensionless water content, (1 + x)5. 

a, 
4, 

5, 

thermal diffusivity, k/p [m2/s] ; 
equivalent thermal diffusivity, k,/(p), 

[m2/sl ; 
geometrical factor in the vapor diffusion law ; 
dimensionless temperature (T - Ti)/AT, ; 
volumetric moisture content [m3/m3] ; 
ultimate steady state decrease in moisture 
content at heat source, equation (22) 

~~~!hless moisture content 

(ei - e)lAeti ; 
3 w equivalent Lewis number, a,/D,; 

PT density [kg/m31 ; 
7, Fourier number, ut/a2. 

Subscripts 

4 
C, 
d, 
e, 
h, 

I7 
1, 
14 
k 
h 
4 
pa, 
PV> 
s, 
4 

for air, median value ; 
critical value; 
dry region ; 
equivalent value ; 
heat source; 
initial ; 
liquid ; 
matrical liquid; 
thermal liquid ; 
change from liquid to vapor phase; 
matrically induced ; 
air at constant pressure; 
water vapor at constant pressure; 
soil ; 
thermally induced ; 
vapor ; *Presented at the AIAA-ASME Thermophysics and Heat 0, 

Transfer Conference, Palo Alto, California, 24-26 May 1978. un, 
Paper No. 78-HT-31. vu, 
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air at constant volume; 
water vapor at constant volume. 
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Superscripts 

( f’, positive side of interface; 

( 1-. negative side of interface. 

INTRODUCTIOK 

THE TRANSIENT response of wet soils to heating is 
important in a number of natural processes and 
engineering applications, including warming of the 
earth by the sun and heating of soil by underground 
electrical installations. Examples of the latter are 
transmission lines and distribution transformers 
which generate heat due to dissipation of electrical 
energy. Another recent example involves the use of 
waste heat from power plants for soil warming to 
enhance agricultural production. In this application 
water carrying the rejected power plant energy is 
typically circulated in pipes buried in the soil. 

These engineering applications are represented by a 
heat source buried underground such as the one shown 
in Fig. 1. The rejected heat can dry out the surrounding 
region due to evaporation Vapor diffuses away from 
the heat source and condenses in the cooler outer 
regions. This sets up a liquid concentration gradient 
which causes some of the moisture to be drawn back by 
capillary action toward the source. The drying process 
can increase the thermal resistance of the soil, and this 
effect can produce higher heat source temperatures 
than would otherwise occur. These higher tempera- 
tures, in turn, drive out more liquid causing even 
higher soil resistance. If moisture inflow balances the 
outflow, the thermal resistance of the soi stabilizes. 
Otherwise, a dry soil region can develop around the 
heat source. This can result in permanent equipment 
damage due to overheating in the case of underground 
electrical installations. Because of the importance of 
these kinds of applications it is appropriate to study 
both the transient thermal and transient hydraulic 
response of soils and their mutual dependence, or 
coupling. 

Much research has been done on heat transfer and 
mass flows in soils. A few key pertinent investigations 
will be discussed briefly. Smith [l], Phillip and deVries 
[Z], and Woodside and Kuzmak [3] have postulated a 
moisture transfer model consisting of a series of 
evaporation and condensation steps together with a 
discontinuous flow of liquid film. Nielson et al. [4] and 
Taylor and Cary [S] have applied nonequilibrium 
thermodynamics to analyze the associated coupling 
effects. Similar techniques have been employed by Ash 
and Barrer 161, Mokadam [7], and Vink [8]. Further 
discussion of pertinent references is contained in [9]. 

It appears that little work has been performed on 
coupled heat and mass transfer under transient con- 
ditions. Sepaskhah et ul. [lo] and Siegel and Davis 
[l l] report experimental and analytical work on heat 
and mass transfer in heated and irrigated soils. A 
report containing information on soil warming appii- 
cations by means of power plant waste heat has been 
published by Knudsen and Boersma [12]. 

It should be noted that the investigations reported 
in [lo] and [I l] are somewhat similar to the present 
study, but they deal with a different geometrical 
arrangement which is associated with soil irrigation 
and soil warming applications. In the present work 
spherical symmetry is employed and liquid sources are 
not considered, but a more detailed evaluation of the 
transport phenomena is performed. 

This paper describes an investigation of the physics 
of transient coupled heat and mass transfer in soils, 
including coordinated analytical and experimental 
studies. The specific system considered is that of a 
spherical heat source, buried in an essentially infinite 
soil of uniform composition, temperature and mois- 
ture content, which is subjected to the sudden appii- 
cation of a constant heating rate. The various applic- 
able physical processes are discussed in the analytical 
formulation. In the present study analysis of the 
problem led to three different methods of predicting 
the soil transient response. These methods differ in the 
degree of sophistication and also, correspondingly. in 
the amount ofcomputational effort required and in the 
error incurred. Experiments were conducted using two 
different soils, Fox loam (97, clay, 40”(: silt, Sl”,, sand) 
and Mason sand (O”/ clay, I?,, silt, 9Yy0 sand). These 
soils have quite different hydraulic properties and 
thereby exhibit considerable contrast in the effects of” 
water movement on thermal response. Comparisons of 
experimental measurements and the correspondin& 
results of the three computational methods show 
reasonably good agreement for the most complex 
analytical technique, and less favorable agreement for 
the other two. Further details concerning the work 
reported in this paper are contained in [9]. 

ANALYTICAL FORMUL.ATIOR; 

The general formulation of the buried heat 
source problem is quite complex, involving 
evaporation--condensation processes together with 
gravity action, soil hysteresis, and other secondary 
phenomena. For purposes of analysis it is appropriate 
to simplify the problem substantially by eliminating 
consideration of effects such as gravity, water table, 
and changes in surface weather conditions. The major 
aim here is to isolate and study the dominant physics of 
the problem in order to determine the major effects of 
mass transfer upon the heat transfer capability of soil 
adjacent to the heat source. Spherical symmetry is 
assumed with transient heat and mass transfer in the 
radial direction only. A polar coordinate system is 
chosen with its origin located at the center of a 
spherical heat souurce. The source is buried in an 
essentially infinite, initially uniform mass of soil. The 
relationships describing the dominant physical 
phenomena are listed below. 

1. Fourier’s law of heat conduction : 
--F 
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2. Buckingham-Darcy’s law for matrically induced 
liquid mass flux [ 131: 

3. Thermally induced liquid mass flux [4] : 

F, aT 
J*, = -p,k,- ----a 

gT ar 
(3) 

Hence, the total liquid mass flux, based on equations 
(2) and (3), is 

. (4) 

4. Vapor mass flux inside the pore spaces of wet soil 
114, 151: 

where 

J, = -B(P - @U(T):, (5) 

which can be correlated by 

f(T)= 
8.34 x 10” 

T3 (0.024207e5200’T - 27444) 
(6) 

as shown in [9]. 
5. Saturated 

relationship : 
vapor 

2.54 x lo* 
P” = 

e-S2OO/T 
T 

9 (7) 

which is a semi-empirical expression described in [9]. 

6. Air density-temperature relationship: 

~a=; f - PJ, , 
(I 1 1 (8) 

where the total pressure P is taken to be constant and 
equal to one atmosphere. 

When the above relations~ps are employed in 
expressions for mass and energy, the moisture con- 
servation equation becomes : 

and the energy conservation equation becomes 

(9) 

-Jc !?_+‘a 
a pa ar r2 ar 

+ h,,$ $ r2B(p - O).f(~)g 
1 

= [ PJ, + P&t + (P - 6) ( PVC", + P.C", + ut”g 
-R #p, aT 

a dT at + (RaTpa - GP,);. (10) 

The air flux .I, in equation (10) can be calculated by 
integration of the mass conservation equation for air. 
Hence 

J,= -ig 
c 

‘r’(p-I))p,dr. (11) 
(I 

The initial distributions of tem~rature and moisture 
content are assumed uniform, and the values of T and 
f3 far from the source remain equal to these initial 
values. Thus 

T(r,O) = T(qt) = Ti = constant 

@(r, 0) = @(co, f) = 8, = constant. 

The boundary conditions at the surface of the heat 
source are 

4;: 
I=n = - h,,& - @f(T) + k 

(12) 

a6 c-1 
p,k$ + BCP - @f(T) 

dr _= pJlJh,& - 0) f(T) + k] “. (13) 

In dry soils the moisture content is equal to or less 
than the critical value tt,. At the critical value of B, 
liquid film continuity is broken and the liquid does not 
flow. Also, retained moisture is so tightly held to the 
surfaces of the soil particles that evaporation and 
vapor flux are usually neglected. Hence, for this 
situation Jr = J, = 0. Further, the air flux J, is also 
neglected in this case based on order of magnitude 
considerations. As a result, for dry soils the single 
governing equation is the heat diffusion equation, 

ia a7- ! > 1 aT -- r2_ 2=-_, 

r2 ar ar all at (14) 

where 

k, 

Again, the presence of air and water vapor is neglected, 
based on order of magnitude considerations, in the 
expression for the heat capacity. For this dry soil 
situation the initial and boundary conditions are 
written as 

T(r,O) = T(m,t) = Ti 

dT 

! > 

4; - 
& ,_= -‘k,‘ 
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In the general case of an initially wet soil, a dry-wet 
interface may be established. This case is shown in Fig. 
1. The moisture content throughout the dry region 
becomes constant and equal to the critical value t?,, and 
all mass fluxes are essentially zero in this region. On 
the other hand, moisture content in the wet region is a 
function of space and time, and in this region mass flow 
can be very significant. Equations (9) and (10) on the 
one hand and equation (14) on the other are the 
governing equations in the wet and dry regions, 
respectively. The conditions at the interface separating 
the two regions are 

dT 

C-1 = - -----‘- 

6’1 4 (76 

dr 7J ---- i-J _I 
&k,$ + /7(p - e,).f(T) ,cr,ri 

(15) 

(16) 

where rd+ refers to the wet side of the interface and r;- 
refers to the dry side. It should be noted that a dry-wet 
interface does not occur in every case of an initially wet 
soil. 

In summary, for the case of a dry soil the tempera- 
ture distribution is obtained from equation (14). For 
the case of an initially wet soil in which a dry-~-wet 
interface does not form, the moisture and temperature 
distributions are obtained from equations (9) and (10). 
And finally, for the case of an initially wet soil in which 
a dry-wet interface does form, the distributions in the 
wet region are obtained from equations (9) and (10) 
while the temperature distribution in the dry region is 
obtained from equation (14). Equations (15) and (16) 
are used to couple the solutions at the dry-wet 
interface for this last case. 

For the case ofinitially dry soil, the classical solution 
of equation (14) with the indicated initial and boun- 

earth’s surface 

I///////////‘/////////////// 

dry-wet 

interface _ 

capillary action liquid outflow 

_~ _- .__ _ ~_._ --. 
_. __ -.- _~__ water table :....-_z 
-. __ _I__.- ._~____ -.- _. -- -. . _~~ ~~--- -- 

FIG 1. Buried heat source. 

dary conditions is given in many texts [16]. This 
solution is 

where y = (1 + x)[, x = (r - a)ja, < = ( 7’ -- T,)/A~v,d, 
7 = adf/a2, and AT, = a&/k,. 

For the case of an initially wet soil the simplest 

prediction technique involves solving the heat con- 
duction equations while neglecting all effects of mass 
migration as well as phase change of the water. This 
consists essentially of solving equation (14) with ad 
replaced by a, the thermal diffusivity of the initially 
uniform soil, assumed constant throughout the pro- 
cess. This ‘pure heat conduction model’ again leads to 
equation (17) with a,+ and k, replaced by a and i(. 
Obviously this represents a very crude approximation. 
especially if a dry-wet interface should form in the 
actuaf situation. The great advantage of this method 
lies in its simplicity, but it fails to account for a number 
of phenomena that may be important. Specifically, of 
the four transport mechanisms indicated by items 1 4 
at the beginning of this section, only the first (Fourier-s 
law) is employed while the other three are neglected. 

A somewhat more refined prediction technique 
involves simplification of equation (10) by eliminating 
consideration of convective transport of thermai en- 
ergy due to mass migration, but retaining the latent 
heat effect due to phase change. The resulting equation 
is 

where 

(P& = PSC, + I’, H’,l (19) 

is the equivalent heat capacity of the wet soil, and 

k, = k + h,,/‘Q - U)f’(7‘) (2(f) 

is the equivalent conductivity of the soil. If k, and (IX), 
are taken to be constant, this model leads to the same 
classical solution which characterizes the pure heat 
conduction model, but an equivalent diffusivity. 
k,/(pc),, is employed. The equivalent diffusivity ac- 
counts for heat conduction according to Fourier’s law 
and portions of the remaining three transport 
mechanisms (see items l-4 at the beginning of this 
section). The purpose of this procedure is to account 
for effects of mass migration to the maximum extent 
possible, while still retaining the simplicity associated 
with the heat conduction equation. This mode1 is 
referred to as the ‘energy conduction model’. 

The most accurate prediction technique involves 
numerical solution of the equations discussed in this 
section, equations (9)-(16) and the appropriate initial 
and boundary conditions. Results obtained in this 
manner account for all of the phenomena discussed 
previously, and therefore are more accurate than the 
predictions obtained from the two approximate 
models. 
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In the Results and Discussion, predictions by all 
three techniques are compared with experimental 
measurements. The experimental apparatus and pro- 
cedure are discussed in the following section. 

EXPERIMENTAL PROGRAM 

Two types of soils were investigated in this study, a 
well-graded loam (fine pores and slow hydraulic 
response) and a plain sand (larger pores and faster 
response). Their thermal and hydraulic properties 
were measured using established procedures which are 
generally accepted in the soil science field. 

The measurements of soil dry bulk density p,, 
porosity p, and specific heat c, were straightforward. 
The line source method was used to measure soil 
thermal conductivity k(B). This is an accepted method 
in soil science which involves measurement or the 
thermal response of the soil sample as a result of rapid 
heating by a very small diameter cylindrical heat 
source. During the brief period of measurement there is 
not sufficient time for appreciable moisture migration 
to occur. Hence the k-value determined corresponds to 
soil in which themoisture is essentially stationary [17]. 
A pressure plate apparatus was employed to determine 
soil water suction. The method ofAhuja and Swartzen- 
druber [13] was employed, and an equation for the 
hydraulic conductivity k,(8) was deduced. Then, one 
point given by this equation was matched to an 
experimentally measured value (using a constant head 
apparatus) to determine both the hydraulic diffusivity 

-k 

---Tt----ki 

------_ D, 

0.10 0.20 0.30 

V&metric moisture content 3 

FIG. 2. Variations of properties of loam with moisture 

content. 

r>,(e) and hydraulic conductivity /Q(G). The resulting 
variations of k, k,, and D, with moisture content are 
shown in Figs. 2 and 3 for the two soils tested. Details 
of these aspects of the experimental work are con- 
tained in [9]. 

Because of difficulties involved in measurements of 
the geometrical factor p and liquid phase heat of 
transport F,, equations (5) and (3), these two properties 
were not measured. Values within the ranges given in 
the literature for the two soil types were used instead 

[4, 151. 
A very important aspect of the experimental work 

was the degree of uniformity of the soil. Consequently, 
the two soils studied were put through preparation 
processes to break the aggregates and remove gravel 
and large organic materials. A power mixer was used 
to stir the prepared soil with a mist of water in order to 
bring the moisture content of the soil up to the 
optimum level. In the vicinity of this optimum value 
the density of compacted soil becomes insensitive to 
variations in moisture content. The optimum moisture 
content was determined by the Standard Proctor 
Method [IS]. 

The prepared loam was compacted in a tank 1.85 m 
in height and diameter while the sand was tested in 
another tank which was 0.92 m in both dimensions. As 
a result, test runs with loam lasted 200 h while those 
with sand were terminated after 10 h - before the 
boundaries of either tank had interfered with the 
transient processes occurring in the soil during each 

-k 

---D-- kl 
-___--_ D, 

0 0 IO 020 0.30 040 

Volumeiric moisture content @ 

FIG. 3. Variations of properties of sand with moisture content. 
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run. That is, during the periods of 200h and 10 h, 
respectively, the soils in the two tanks represented 
infinite media with regard to the transient heat and 
mass transfer processes. 

A heat source 0.02 m in radius was positioned in the 

center of each tank. This consisted of a copper sphere 

with an electrical resistance heater imbedded inside. 
Twenty-nine thermocouples were located vertically 
along the axis of each tank and horizontally in the 

central plane of the tank as shown in Fig. 4. This 

arrangement made it possible to experimentally de- 

termine the extent of gravity effects due to free 

convection and also to check on the initial temperature 
uniformity of the so% An electronic scanner and a 

digital voltmeter were used to sense and record the 

thermocouple signals. 
After preparing the soil volume, several small sam- 

ples were removed and dried in an oven. with 
weighing of each sample being performed before and 
after the drying process. By averaging the results for 

the various samples a reasonably accurate value was 
determined for the initial moisture content Oj. Four 

moisture probes buried in the soil were used to provide 
an additional check on the value of Ui as well as on the 
uniformity of the initial moisture content. Each probe 

was composed of two plates separated by an in- 
termediate fiberglass layer. The electrical capacitance 
of this device is dependent on the moisture content of 
the fiberglass, which in turn is related to that of the 

surrounding medium. Transient measurements of the 
moisture content 0 were also obtained with these 

probes. However, the quality of these data was not 

very good because the probes were too large and their 
transient response was too slow. Therefore. transient 

measurements of moisture content are not reported in 

this paper. 

top view 
of central alone 

side view ‘,~ 
\ 

~thermocoupie 

Once the uniform soil, heat source and probes were 

in place, electrical power was supplied to the heat 
source at a constant rate. A number of transient tests 
were performed. Conditions and initial values of some 
of the properties associated with eight representativt 
cases are summarized in Table 1. In connection with 

the initial property values shown it should be men- 

tioned that the numerical solution accounted for 
variable properties during the transient period. 

Experimental measurements for the tight test runs 
indicated in Table 1 are shown in Figs. 5 7. Only 

measurements at the surface of the heat source arc 
shown. in most applications the temperature at the 
source is of greatest interest. Temperatures at other 
locations for any given time lie between the initial 

temperature and the temperature at the source. 
Measurements obtained at various radii, as indicated 

in the previous section. were also plotted but arc 
omitted here for the sake of conciseness. 

Each experimentally obtained temperature re- 
sponse is compared with the corresponding analytical 
predictions. Results for loam are given in Fig. 5. For 
each case the pure heat conduction model predicts a 

rise in temperature with time. The energy conduction 
model predicts a similar rise, but for any given tune the 
predicted temperature rise is smaller. This is explained 
by the fact that the equivalent conductivity k, charac- 

terizing that model is larger than the actual ,oiI 
thermal conductivity k, since the former represents 

both heat conduction and energq transport asso&ted 
with the latent heat due to phase change. ttence. 

according to this model the moist soil acts like :I 
substance undergoing pure heat conduction. but with 

a higher k-value. Consequently. the heat diffuses more 
readily than is predicted by pure heat conduction 

alone. The numerical solution accounts for ali of the 
transport mechanisms described in the anaiyticai 

formulation. and therefore exhibits a greater iiciht\- 
for transport than the two simplitied models. For thib 
reason the predicted temperature rise for any given 
time is lower than the values calculated with the ww 
simplified models. Notice that the pure heat clln- 
duction model overpredicts the experimentally ohser- 
ved temperature response, and the energy conduction 
model does also, but with smaller mm-. The numerical 
solution. on the other hand, agrees with the measures 
ments reasonably well. The response for Run No. j he> 
well below that for Run No, 2, which vividly illustrates 
the enhanced energy transp~~rt due to moisture. The 
initial moisture content iii was 0.245 for Run No. 1. and 
was 0.165 for Run No. 2 (see Table I ). 

‘The results for sand shown in Pig. h are stmliar 11) 
those for loam, and the comments given above gen- 
erally apply to sand as well as loam. However. the twn 
simp~i~ed models yield almost identical predictions for 
Run No. 3. In this case the sand M’S \erl; wet. The 
conductivity of liquid water in the pores of wet anti is 
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Table 1. Summary of conditions and initial properties for experimental tests 

Run No. & 
ei 

(m3/m3) (% (W; R, 
4 Dl 

(m/s) (m’/s) 

l-loam 22.2 0.245 20 2.01 1.79 x 1o-9 5.08 x 10-x 
2-loam 20.8 0.165 20 1.24 5.21 x lo-r0 2.50x 10-s 
3-sand 20.4 0.196 20 2.11 1.01 x 1o-5 1.02 x 1o-5 
Csand 20.7 0.196 40 2.11 1.01 x 1o-5 1.02 x 10-s 
5-sand 20.0 0.070 20 1.36 9.98 x lo- * 3.06 x lo-’ 
6-sand 20.1 0.070 40 1.36 9.98 x 10-s 3.06 x lo-’ 
l-sand 20.3 0.024 20 1.00 8.25 x lo- lo 1.02 x lo-* 
8-sand 20.2 0.024 40 1.00 8.25 x 10-r” 1.02 x 10-s 

(f&r31 
CS P 6 

(J%) 
B 

Soil (J/kg K) (m”/m? (m3/m3) (none) 

loam 1680 195 0.353 0.055 41.9 2 
sand 1560 195 0.390 0.050 4.19 1 

much higher than that of the air and water vapor 

occupying the pores of sand with low moisture con- 
tent, thus yielding a higher overall conductivity k. Also, 
for very wet sand the liquid nearly fills the pore spaces, 
leaving only a very small portion of the pore cross- 
sectional area for vapor diffusion, thus limiting the 
latent heat effect due to phase change. Hence, the heat 
conduction effect is dominant in both simplified 
models for this case, and for this reason they yield 
almost identical predictions. Both of them overpredict 
the observed experimental response because they fail 
to account for transport due to liquid migration, which 
is a substantial effect for very wet sand. The numerical 
solution does account for this, as well as all the other 
effects, and it therefore predicts the experimentally 
observed response quite well. For Run No. 5 the 
moisture content is smaller, and the prediction based 
on the energy conduction model falls somewhat below 
the prediction based on the pure heat conduction 
model, as expected. The numerical solution and the 

0 

-- 90. 
-.- 

- 00. 

70. 

Y 
60. 

.z- 

E 5o 

E 
e 40. 

Expertmental measurement 
Pure heat conduction model 

Energy conduction model No.2 
NumerIcal solution .__- 

___---- 

20 I . . . ..I . . . . ..I . ..,,., .,..., 
001 0.1 1.0 10.0 1000 

Time, h 

FIG. 5. Temperature responses for loam at the surface of the 
heat source (q,, = 20 W). 

experimental measurements fall together below these 
two predictions, in a manner similar to the results for 
loam shown in Fig. 5. In Run No. 7 the initial moisture 
content Oi was below the critical moisture content 8, 
(see Table l), so the soil can be regarded as essentially 
dry throughout the process. Since moisture migration 
is virtually nonexistent in this case the pure heat 
conduction model provides a sufficiently accurate 
prediction. Predictions based on the energy con- 
duction model and the numerical solution are not 
illustrated, but both of these are identical to the result 
shown based on the pure heat conduction model. The 
prediction agrees reasonably well with the measure; 
ments for the first hour. But for larger values of time 
the analysis somewhat overpredicts the observed 
temperatures. 

I I”“’ * . ‘.“‘I ’ ’ .""I 

100 

90 

40 

30 

A Experiment memumment 
-- Pureheutconductionmodel 
-.- Energy conduction modd 

- Numerlcal solution 

. . . . ..I . . . . . . ..e 

0.01 0.1 1.0 10.0 

Time, h 

FIG. 6. Temperature responses for sand at the surface of the 
heat source (q,, = 20 W). 
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0 Experimental measurement d 
--- Pure heat conduction model b. n ,“-- 

160 -.- Energy conduction model 

/ 

,Z ” 
- Numerical solution +,F’ No.8 

> --/.----A 
01 IO 100 

Time, h 

Fro. 7. Effects of high heat flux for sand (q,, = 40 W) 

Figure 7 shows results similar to those given in Fig. 
6, but for a heating rate twice as high. Temperatures 

rise more rapidly, as expected, with essentially dry 
sand exhibiting temperatures well above 100°C (Run 
No. 8). 

It should be mentioned that all of the analytical 
predictions shown in Figs. 557 were adjusted to 

account for the thermal inertia of the heat source. 

Although the electrical heater element provided a 
constant heating rate, a fraction of the energy was 
required to raise the temperature of the source itself, 
such that the heat transfer rate from the source surface 

to the soil was not quite constant. This adjustment had 
the effect of shifting the analytical curves slightly to the 
right for small values of time. The adjustment was 

negligible for times in excess of 0.2 h. 
It has been previously explained that the numerical 

solution accounts for convective transport of thermal 
energy due to mass migration, while the energy 

conduction model does not. Hence, the deviation of 
these two predictions is due to this effect. For wet sand 

(Runs No. 3 and 4) this is a substantial effect. By 
comparison, wet loam (Runs No. 1 and 2) exhibits 

some influence of this mechanism, but percentage-wise 
it is smaller than in the case of wet sand. This difference 
was traced to the fact that in this range of moisture 
content the equivalent Lewis number of wet loam is 
considerably larger than unity, while for sand it is 
considerably smaller than unity. In the former case 
equation (9) can be reduced to a diffusion type 
equation, the solution of which is 

2 = erfc xP 
i 1 

_ ex+r:i.. erfc __” 
,2J(7/U ( 2 J(7lU 

(21) 

where R, = a,/& is the equivalent Lewis number, 
based on the equivalent thermal diffusivity. 
2 = ( 1 + .Y) 5, 5 = (Oi - H)/AO,, and 

Recall that the ‘energy conduction model’ leads to 
equation (17) with ad and k, replaced by a and k as 
discussed earlier. By comparing this equation and 

equation (21) it can be seen that the change of 2 with r 
is much slower than of y with r because of the existence 
of i., in equation (21). As a result, at large values of i,,, 
moisture migration is very small and, hence, the 

convective transport of energy is small. For this 

reason, predictions of the numerical solution and of 
the ‘energy conduction model’ are closer together for 

wet loam. See [9] for further discussion. 
It was found that thermocouples in the loam at 

equal radii, below the heat source and in the central 
horizontal plane (Fig. 2), indicated essentially the same 

temperature at any instant of time. This showed that 
free convection effects within the soil had little effect in 

distorting the spherical symmetry of the transient 
temperature distribution. Temperature differences of 

the order of 1°C or less were observed for loam, and 
some of this discrepancy may have been due to 
inaccuracy in thermocouple location. The same be- 

havior was observed for dry sand. For wet sand, 
however, thermocouples in the central horizontal 
plane indicated slightly higher temperatures than the 
thermocouples along the vertical axis at equal radii. 
The largest difference observed was 4°C but typically 

the difference was smaller than this. Thus, it can be said 
that there was a small but discernible effect of free 

convection within wet sand. 
The numerical solution program contained pro- 

vision for handling the occurrence of a dry-wet 
interface, as explained previously. For the eight test 
runs listed in Table 1, only Run No. 6 exhibited this 
phenomenon in the numerical solution. It can be seen 
from Fig. 7 that the source surface temperature 
exceeded 100°C (boiling point of water), thus indicat- 
ing the existence of a dry-wet interface. The numerical 
solution for this case indicated that the dry~ wet 
interface remained essentially at the heat source sur- 
face within the 10 h time period of the test run. This 
prediction is in agreement with the observed ther- 
mocouple responses. Only thermocouples attached to 
the surface of the heat source indicated temperatures in 
excess of 1OO’C. Since the remaining thermocouples 
closest to the heat source were 0.01 m from the surface, 
these measurements showed that the dry~ wet interface 
did not move more than 0.01 m from the surface during 
the test. It should be mentioned that Run No. 8 also 
exhibits temperatures in excess of lOO’C, but in this 
case the sand was initially dry making the formation of 
a dry -wet interface impossible. 
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CONCLUSIONS 

Based on results obtained in this investigation the 

following conclusions are drawn : 
1. For a given soil energy transport is facilitated by 

higher moisture content, thus yielding lower 
temperatures in comparison with the same soil with a 

lower moisture content. 
2. The numerical solution characterizing the com- 

plete formulation of the problem predicts the transient 

thermal response of soils reasonably well. 
3. For well-graded moist soils, such as loam, the 

energy conduction model yields approximate pre- 

dictions that are adequate for many engineering 
applications. 

4. For porous moist soils, such as wet sand, con- 

vective transport of thermal energy due to mass 
migration is appreciable. For this situation predictions 

based on the energy conduction model yield consider- 

able error. Use of the numerical solution procedure is 
recommended for these cases when higher accuracy is 

desired. 
5. For initially dry soils the pure heat conduction 

model provides accurate predictions. For moist soils 
this simplified procedure yields approximate pre- 
dictions only, with errors that are generally greater 

than those associated with the energy conduction 
model. 

6. Both simplified models overpredict the transient 
temperature rise. 
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TRANSFERTS VARIABLES DE CHALEUR ET DE MASSE DANS LES SOLS 

R&me-On considire les transferts variables de chaleur et de masse dans le sol entourant une source de 
chaleur enterrde. On dtveloppe des modkles monodimensionnels (sphlrique) pour estimer les phknomknes 
coupI& de migration de chaleur et d’humiditk. Des solutions numkriques de la formulation exacte sont 
donn6es. Deux types de solutions littirales sont obtenues en utilisant des modkles aoorochks. Des mesures 
expbimentales sont prkentkes pour deux types de sols : une argile bien homogknd $ponse hydraulique 
lente) et un sable (rtponse hydraulique plus rapide). On compare les variations de temptrature calcukes et 
mesurees B la surface de la source de chaleur. Dans tous les cas la solution numerique de la formulation exacte 
s’accorde assez bien avec les rtsultats expbrimentaux. Les solutions litttrales s’icartent des mesures mais 

elles sont utiles pour obtenir de faGon simple des estimations approchkes. 



458 R. J. BAL.A~X, D. L. AYERS and R. J. SCHOENH~I s 

INSTATIONARER WiiRME- UND STOFFTRANSPORT IM ERDBODEN 

Zusammenfassung ~- Der instationgre Warme- und Stofftransport in der Umgebung einer Lrn Erdboden 
verlegten Wiirmequelle wird betrachtet. Es werden eindimensionale (sphsrische) Modelle entwickelt, urn die 
gekoppelten Wlrme- und Stofftransportvorglnge zu berechnen. Dazu werden mit Hilfe von Naherungsmo- 
dellen zwei Arten von geschlossenen Ltisungen hergeleitet. Die Ergebnisse experimenteller Messungen an 
zwei verschiedenen Bodenarten werden vorgelegt ~ fiir einen gut gesiebten Lehm (langsames hydraulisches 
Ansprechen) und Sand (schnelleres hydraulisches Ansprechen). Die vorausberechneten und die gemessenen 
Temperaturznderungen an der Oberflgche der WBrmequelle werden miteinander verglichen. In allen Fillen 
stimmt die numerische Liisung des genannten Ansatzes mit den experimentell ermittelten Daten ziemlich gut 
iiberein. Die geschlossenen Liisungen weichen von den Messungen zwar etwas ab, sind aber wie gezeigt 

wird --. brauchbar, urn auf einfache Weise Naherungsltisungen zu erhalten. 

HECTAuMOHAPHbII? TEHJIO- M MACCOHEPEHOC B HOYBE 

AwioTaum-- PaCCM0TpC.H HeCTaIWOHapHblii IIpOUeCC TennO- M MaCCOIEpCHOCa B IlOqBe B03,1e %- 

rny6JIeHHOrO RCTOYHIIKa TenJIa. Pa3pa6OTaHbI OnHOMepHbIe (C@epWIeCKIE) MOLleJIll ;UiR paC'lCTa 

B3amdocm3aHHbIx aenemid Tenno- A enaronepeeoca. npusenenbl qr3cnennbIe pemeHMn ‘3anaq~ H 
IlOJlHOfi "OCTaHOBKe. KpoMe TOrO, C nOMOIJ,bIO Hp&WKeHHbIX MOneJIeii nOnyVCH0 !lBa TAllLl 

p.Z"IeHAfi B JaMKHyTOM BR,FZ. npenCTaBnCHb1 LlaHHbIe 3KCIlepliMeHTanbHbIX ll3MCpeHHti ~I.-ISI ;lByX 

TA~OB 11048: xopomo orcopTsposaHHoi3 rnAHbI (MennenHaR rlinpasnsqecxaa peaKmis) s3 necxa (60,lee 
6bICTpafl rlinpaBnwiecKan pealcqen). npOBe!JeHO CpdBHeHltC paCCWTaHHbIX II HSMepeHHbIX .wa9efwi7 

Teh4nepaTyp Ha noeepxnocTR AcroSmiKa renna. Bo acex cnyqaax ,riaHHbIe qllcnetnioro pacltera 
,TOBOnbHOXOpOL"OCOr,IaCylOTCZ4C pe3ynbTaTaMH 3KCIlepHMeHTOB.PeI"eH~~,OOny~eHHbIC B 3aMKHylOM 

mi~e,flakoT3HaqeHm,HecKonbKooTnmamuuiecs 0-r a3MepeHHbrx,TeM He MeHee AX Moxwo c ycnexoid 

MC"Onb3OBaTb LUIl npOCTbIX IIpki6nWKeHHbIX paCqeTOB. 


